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LESSON %) Skills Practice

Name

Date

Planting the Seeds
Exploring Cubic Functions

Vocabulary

Provide an example of each key term. Sketch a graph, if necessary.

1. relative minimum:

Answers should include either a numeric or graphic example that shows the lowest point of a

particular section of a graph.

2. relative maximum:

Answers should include either a numeric or graphic example that shows the highest point of a

particular section of a graph.

3. cubic function:

Answers should include a polynomial function of degree 3, such as f(x) = x® + 2x2 — 5x + 7.

4. multiplicity:

Answers should include a polynomial function with a particular number as a zero repeated 2 or

3 times, such as f(x) = x(2x)(3x) where the zero, x = 0, has a multiplicity of 3. ﬁ

Problem Set

Complete the table. Include an expression for the volume. Circle the relative maximum or minimum,

if there is one.

1. Height of Box (in.) | Width of Box (in.)

Length of Box (in.)

Volume of Box (cu. in.)

8

10

0

48

s

48

O N |00

24

OIN|[H~|O|®

0

8 — 2h

10 — 2h

h(8 — 2h)(10 — 2h)
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Radius of Cylinder Height of Cylinder Base Area of Volume of Cylinder
(in.) (in.) Cylinder (sq. in.) (cu. in.)
0 0 0 0
-1 -3 3.14 —-9.42
1 3 3.14 9.42
2 6 12.56 75.36
3 9 28.26 254.34
4 12 50.24 602.88
r 3r 3.14r2 (3n(3.14r?)
There is no relative minimum or maximum.
Height of Cube (cm) | Width of Cube (cm) | Length of Cube (cm) | Volume of Cube (cu. in.)
-2 -2 -2 -8
0 0 0 0
1 1 1 1
3 3 3 27
5 5 5 125
10 10 10 1000
s s s (5)(s)(s)
There is no relative minimum or maximum.
Width of Tank (m) Height of Tank (m) Length of Tank (m) Volume of Tank (cu. m)
10 80 —-20 —16,000
20 60 10 12,000
30 40 40 48,000
<31 26 61 58,682
40 20 70 56,000
50 0 100 0
w 100 — 2w 3w — 50 w(100 — 2w)(3w — 50)
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Name Date
5. Height of Square Side of Base Volume of Square
Pyramid (ft) Length (ft) Area of Base (sq. ft) Pyramid (cu. ft)

—4 -2 4 —5.33
0 0 0 0
3 1.5 2.25 2.25
6 3 9 18
9 4.5 20.25 60.75
12 6 36 144
p %p %pz %(%pz)(p)

There is no relative minimum or maximum.

6. Length of Triangular Volume of Triangular
Length of Base (dm) | Height of Base (dm) Prism (sq. dm) Prism (cu. dm)
-0.5 -1 —10 —-25

— 0 0 -5 I —

< 03 0.6 -2 —018 —
0.5 1 0 0
2 5 5
2 4 15 60

b 2b 106 - 5 J(b)(2b)(10b — 5)

Determine the product of three linear factors. Verify graphically that the expressions are equivalent.

7. 3xx +3)x —2)
3x(x + 3)(x — 2) = 3x(x> — 2x + 3x — 6)

= 3x(x> + x — 6)
= 3x% + 3x? — 18x

The graph of the original expression and the graph of the final expression are the same. So the

expressions are equivalent.
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8.

2x — 1)@2x + 1)x + 4)

2x—1)2x +1)(x +4) =@x>+ 2x — 2x — 1)(x + 4)
= 4x* —1)(x + 4)
=4x*+16x*—x— 4

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

(4x — 7)°
@x—T7P=M@x—-T7T)4x —T7)dx —7)
= (16x2 — 28x — 28x + 49)(4x — 7)
= (16x2 — 56x + 49)(4x — 7)
= 64x® — 112x> — 224x2 + 392x + 196x — 343
= 64x® — 336x2 + 588x — 343

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

. (10 — 3x)(7 + x)(8 + 6x)

(10 — 3X)(7 + x)(8 + 6x) = (70 + 10x — 21x — 3x?)(8 + 6x)
= (70 — 11x — 3x?)(8 + 6x)
= 560 + 420x — 88x — 66x2 — 24x> — 18x®
= —18x® — 90x2 + 332x + 560

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.
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(B
el el

= 1 A2
12¢ ~ 3¥

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

12. 0.25x(12x — 1)(8 — 3x)
0.25x(12x — 1)(8 — 3x) = (3x2 — 0.25x)(8 — 3x)
= 24x% — 9x® — 2x + 0.75x?
= —9x% + 24.75x%> — 2x

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

Determine the product of linear and quadratic factors. Verify graphically that the expressions are
equivalent.

13. x(x> + 3x — 4)
X(x? + 3x — 4) = x® + 3x% — 4x

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

14. (2x — 9)(4x? — 5x — 12)
(2x — 9)(4x% — 5x — 12) = 8x® — 10x2 — 24x — 36x2 + 45x + 108
= 8x3 — 46x% + 21x + 108

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.
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15.

16.

17.

18.

7X(x + 5)?

7x(x + 5)? = 7x(x + 5)(x + 5)
= 7x(x2 + 5x + 5x + 25)
= 7x(x® + 10x + 25)
= 7x3 + 70x2 + 175x

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

0+ 1)@8 —x)
KE+1)B—x)=8x*—x>*+8—x
=-x*+8x2—x+8

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

(—2.3 + 1.1x + 0.9x%)(4.5x — 3.8)
(—2.3 + 1.1x + 0.9x?)(4.5x — 3.8) = —10.35x + 8.74 + 4.95x> — 4.18x + 4.05x® — 3.42x?

= 4.05x®* + 1.53x2 — 14.53x + 8.74

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.

_3,2 l)(l_Z)

( 2~ Tglla 8"

_3.2 1”1_1):_12 A, 1 _ 7

(4X+8 48T "16° T3 33 8
o1, 3., 7.1

= EL1y3 . 2 . __ .
32¢ ~16° " 82X T 32

The graph of the original expression and the graph of the final expression are the same. So the
expressions are equivalent.
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Date

Polynomial Power
Power Functions

Vocabulary

Choose the term from the box that best completes each statement.

even function end behavior

power function symmetric about a line

symmetric about a point

odd function

1. Afunction is _Symmetric about aline if the line divides the graph into two identical parts.

2. The end behavior of a graph of a function is the behavior of the graph as x approaches

infinity and as x approaches negative infinity.

3. A(n) odd function has a graph symmetric about the origin, thus f(x) = —f(—x).

4. Afunction is _Symmetric about a point if each point on the graph has a point the same distance

from the central point but in the opposite direction.

5. A(n) even function has a graph symmetric about the y-axis, thus f(x) = f(—x).

6. A(n) power function is a function of the form P(x) = ax”, where n is a non-negative integer.
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Problem Set

Sketch the graph of f(x) and describe the end behavior of each graph.

1. x4

As x — o, f(x) — ®

As x — —ox, f(x) —

3. x*

As x — o, f(x) —
As x — —x, f(x) —

5. —x°

As x — », f(x) > —x

As x - —x, f(x) — »

2.

4.

6.

x3

|

|

v

As x — o, f(x) — o

As x — —», f(x) — —x

X25

As x — o, f(x) — o

As x — —», f(x) - —x

_X2

As x — o, f(x) - —

As x — —oo, f(x) —> —o0
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Determine whether the function represented by each graph is even, odd, or neither. Explain your reasoning.

7. f 8. A A
II \ |
\ [
\ /
[ \ /
/
The function is odd because it is symmetrical The graph is even because it is symmetrical
about the origin. about the y-axis.
9 y 10. \
| IENYAA
| [\
|
[\ \
| \J
I \/I ‘l
v Y
The function is neither even nor odd because The function is odd because it is symmetrical
it has no symmetry. about the origin.
11. 12. d
\ /
/ \
/ \
[ \
[ \
The function is neither even nor odd because The function is even because it is symmetrical
it is not symmetrical about the y-axis or the about the y-axis.
origin.
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Determine algebraically whether each function is even, odd, or neither.
13. fix) = x> —4x + 3

fix) =x®*—4x + 3

f(—x) = (—x)® — 4(—x) + 3

fl=x)=—x*+4x—3

—f(x) = —(x®* — 4x + 3)
—fix) = —x*+4x—3
fix) # f(—x) or —f(x) thus f(x) is neither even nor odd.

14. fix) =2x* —x2+ 9
fix) =2x*—x2+9
f(—=x) = 2(—x)* = (—x)* + 9
f=x)=2x*—x*+9
fix) = f(—x) thus f(x) is even.

ﬁ 15. f(x) = 5x®2 + 13

fix) = 5x2+ 13

f(—x) = 5(—x)?> + 13

f(—x) = 5x2 + 13

f(x) = f(—x) thus f(x) is even.
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Name
16. fx) = 4x* - 6
fix)=4x*—6

17.

18.

f(—x) = 4(—x)®* — 6
f(—x) = —4x3— 6

—fix) = —(4x® + 6)
—fix) = —4x*— 6
f(—x) = —f(x) thus f(x) is odd.

fix) = 3x® — x
fix) = 3x°* — x
f(=x) = 3(=x)* — (=x)

f(—x) = —3x° + x

—fix) = —(8x® — x)
—f(x) = —3x° + x
f(—x) = —f(x) thus f(x) is odd.

fix) = —2x" + 5x® + x
fix) = —2x" + 5x® + x
f(—x) = —2(—x)" + 5(—x)® + (—x)
f(—x) = 2x" — 5x®* — x

—f(x) = —(—2x" + 5x® + x)
—flx) = 2x" — 5x® — x
f(—x) = —f(x) thus f(x) is odd.
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Name Date

Function Makeover
Transformations and Symmetry of Polynomial Functions

Vocabulary
Provide an example of each term.
1. polynomial function

Answers will vary.

Examples should be in the form f(x) =a x" +a_x""'+---+ax*+ ax' + a,

2. quartic function
Answers will vary.

Example: f(x) =x* +x®+ x>+ x + 1

3. quintic function
Answers will vary.

Example: fix) =x*+x*+x3+ x>+ x+ 1

Problem Set

Use reference points and symmetry to complete the table of values for each function. Then, graph the
function on the coordinate plane. State whether the function is odd, even, or neither.
1. cx) = x% h(x) = —3c(x) y >
\ d /
Reference Corresponding
Points on c(x) - Points on h(x) (T2r2fe-24
(0, 0) - (0,0) 16 II
(1!1) - (1!_3) =113 \8 (2,-8)
(@2, 8) - (2, —24) “1,=1) OF0 L1 1)
=8 —=6—=4=2/(0 o)} 2 € 8 | X
The function h(x) is an odd function. (=2,=8yp—8 \ r—B)
[ el
/ \
I 4 {9 ZaY
a4 Crmray)
2
i 11
=
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2. mx) = x*nXx) =mx) + 4 X Y Km0
Reference Corresponding T
Points on m(x) - Points on n(x) T 11 260 o
(0, 0) - (0, 4) R B ki
(2, 16) - (2, 20) N
1,5 0\0[9L¢. 9
The function n(x) is an even function. \ |
(=1,11) (0,}0) (11
AY ¥ I\“L )/‘/\
-8 -6 -4 |- 0 6 3 | X
3. o) = x5 ) = el )
s |
Reference o Corresponding o) 8)
Points on c(x) Points on g(x) 6 ]
(0, 0) - (0,0) 4 [’[I @2
(1,1 - (1, 0.25) o1 Vi
@, 8) - 2,2 (1025 {6 P71 (1, 0:25)
—8 -6 =4 |-2 0 6 3| X
The function g(x) is an odd function. =1,=1) 12
272111,
[
glx) 6
-2,-8 o
l O
4. mx) = x4 px) = mx — 1) y
mX) | 54 p(x
Reference o Corresponding
Points on m(x) Points on p(x) ’ ol 1k
0,0) - 0,1) : T
(1,1) - 2,1) ) 2. 16)
(2, 16) - (3, 16) \ L* ]
1, [ INIRIE
The function p(x) is neither even nor odd. \ld o / a1
0;11) )
-8 -6 |l—q |— 0 | 2 6. 8 | X
41-10)
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6. mx) = x* tx) = m(—2x)

Name Date
5. cx) = x5 dx) =clx) — 3 y
16+ cX
Reference Corresponding
Points on c¢(x) - Points on d(x) 2
0,0) N 0, —3) 8 2.8
(9 5
(1,1) - (1,-2 41
2.8) > (2.5) OO A
6 -4 -2 £ 10/ 5 6 8 | X
The function d(x) is neither even nor odd. IR BT K =2
Q 0, =3
] ey
(+21=8) 12
=2, F Il g
Hx)

Reference N Corresponding
Points on m(x) Points on t(x)
©,0) - (0, 0)

_1
(1,1) > | -3
(2, 16) - (—1,16)

The function t(x) is an even function.

L AAMAA L
x f} X
(-2,16) 2,16)
El
(F1 ) [ (1,16
1
10
(-ols, 19\ | iols 14y
=1,1) (1,1
6 -4 19 (0[0) s 6. 8 | X
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Analyze the graphs of f(x) and g(x). Write an equation for g(x) in terms of f(x).
7. gx) = —f(x) + 2

YUA L5 a ) y
Q @ Q
O O
\
6 fx) \6
09\
4 I’ \4
s} I { EAY ( ’ 1)
z \,l} =
(0,0 (11
8 6 -4 |- 0 g 6| 8 |X I Sy T 0/\5 6 | 8 | X
2 ol |
\
4 4
6 6
(9] B)
2, —6)
8 8
1
8. gix) = 2f(x — 3)
Y4 YT A A
16 2 (5, 32)
~(2,16
f(x) 44 28 gX)
12 24
10 20
8 16
6 42
\% LIrS
4 8
\C I
\2 |BRIE 4 \ |
@0 4,2)
3,[0) e
8 |- -4 | 0| 4 6 8 | X -8 -6 1—4 — 0 4 ¢ 8 | X
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Name Date
9. gx) = f(—x — 1)
y A { \ A\ y
. (2,8) -
° gk M
6 ) 6
4l VL
“ I \ “
) I { \ (_2v1) \ )
= L) z
(0,0) (1,0
8 -6 -4 |- 0 6 8 -6 -4 |- 0| 5 6 8 | X
f2 2\ 0, 1)
4 4 \
| \
y . \
10. g(x) = —0.5f(x + 2)
[ Y y
i 6
~(2,116
! 44 6
10 ~5.0) 2
8 g - l—4 [ 58 ]JO] 4 6. 8 | X
. [
| 1] =h, o5
\
Vol | a1 6
© - gk)
8 g 4l 50 6 , RO
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1. g)=flx — 1)+ 3

Y Y
N o g
N (X)
2 o
(Q,QI)
2 (1,32) 24
16 e
: /
Q (=1 2\ 8
=10 " |/ ol N ~(1.4)
—8 -6 |— 0 4 ¢ 8 | X -8 -6 I— __I 0\ 2 s 8 | X
[ s 8
-2,+1) |{ | 0,3
16 e
24 24
Y '
12. gx) = 2f(x) — 4
L T Mool
0 fx)
N 9% l450 ¢ (2, 104)
(4,94) 1
0
0
0
0
0
40
20
LO
10
g g -4 o\ [0]] 6 3| X
8 g l—a o\ OI;_ 6 8 | X
Lo (0, +-24)- (1 =22
©, -1 [T 40
20
0
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Name Date

The equation for a polynomial function p(x) is given. The equation for the transformed function m(x) in
terms of p(x) is also given. Describe the transformation(s) performed on p(x) that produced m(x). Then,
write a specific equation for m(x).
13. p(x) = x*; m(x) = —p(0.5x) + 2

X, y) = (2%, =y + 2)

The graph of the function m(x) is stretched horizontally by a factor of 2, translated 2 units up and
reflected about the line y = 2.

m(x) = —p(0.5x) + 2
—(0.5x)* + 2

14. p(x) = x%m(x) =4px — 3) — 5
x,y) > (x + 3,4y — 5)

The graph of the function m(x) is translated 3 units to the right and 5 units down. It has also been
stretched vertically by a factor of 4.

m(x) =4p(x —3) — 5
=4(x -3 -5

=4(x® — 92+ 27x — 27) — 5
= 4x% — 36x% + 108x — 113

15. p(x) = x5, m(x) = 0.5p(—x) + 4
(x, y) = (—x, 0.5y + 4)

The graph of the function m(x) is vertically compressed by a factor of 0.5, translated 4 units up
and reflected about the y-axis.

m(x) = 0.5p(—x) + 4
= 0.5(—x)5 + 4
= —0.5x5+4
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16. px) = x% m(x) = —px + 5)
X, y) = —=5,-y)
The graph of the function m(x) is translated 5 units to the left and reflected about the x-axis.
m(x) = —p(x + 5)
= —(x + 5)°
—((x® + 10x + 25)(x + 5))
—x® —16x%2 — 75x — 125

17. p(x) = x*; m(x) = 2p(—x —2)
(X, Y) — (_X + 2a 2}’)

The graph of the function m(x) is reflected about the y-axis, translated 2 units to the right and
vertically stretched by a factor of 2.

mx) = 2p(~x - 2)
=2(—x — 2)*
= 2((x® + 4x + 4)(x®> + 4x + 4))
= 2(x* + 8x3 + 24x2 + 32x + 16)
= 2x* + 16x° + 48x% + 64x + 32

18. px) = x5 mx) = px + 4) — 1
ﬁ y)—>k—4,y—1)
The graph of the function m(x) is translated 4 units to the left and 1 unit down.
mx) = p(x + 4) — 1
=(x+4)p-1
= (x? + 8x + 16)(x> + 8x + 16)(x + 4)

= (x2 + 8x + 16)(x® + 12x2 + 48x + 64)
= x5 + 20x* + 160x® + 640x% + 1280x + 1024
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Name

Date

Use each basic power function shown to complete the table of values and sketch a(x) on the coordinate
plane. Then, write a specific equation for a(x).

fix) = x agx) = x2 hx) = x® jx) = x* k(x) = x5
19. a(x) = g(x) + 3f(x)
> g | f0 | aw o T b 7
- 4 - - VAP
2 2 2 NSV AT
-1 1 -1 -2 NPT
0 0 0 0 4
1 1 1 4 VN
2 4 2 10 \ |
-8 -6 |— 0 ¢ 8 | X
ax) = x2 + 3x 2
20. a(x) = 0.5(x) — g(x)
x jx) glx) alx) AT
-2 16 4 4 \\ i II
—1 1 1 —0.5 19
0 0 0 0 \11 8 /
1 1 -0.5 \\ 6 /
2 16 4 4 )
I
a(x) = 0.5x* — x2 i\ |
N\ /
-8 —6 -4 -2 N d 2 ¢ 8 | X
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21. alx) = klx) + 2j(x) — hix)

. y
X k(x) j(x) h(x) a(x) Qi hix)
-3 | -243 81 —27 | —54 N
-2 -32 16 -8 8 B
—1 -1 1 -1 4
0 0 0 0 0
1 1 1 1 2
2 32 | 16 8 56 8- -4 52 [0 2 6 8 X
3 243 81 27 378 -
ax) = x5+ 2x* — x® ’R
B i)
4l d
y
22, a(x) = —h(x) + 5g(x) + 4
Y
X h(x) g(x) a(x) % N o
-2 -8 4 32 \C T
-1 —1 1 10 |
\NERSEyiIar
0 0 0 4 \ II/ |
1 1 8 \ %/
2 8 4 16 N
N\ 4
ax) = —x®+5x2+ 4 8 g -4 -2/ 10 5 la 3 | X
[t |
. l
I 12
ol 12 alx)
Y N
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Name Date

23. a(x) = j(x) — 0.5h(x) — 6g(x) + f(x)

X j(x) h(x) gx) f(x) a(x) \ } ~ y,x; ! oj)
3 | 81 | -—27 9 | -3 | 375 T ,’ /
2 | 16 _8 4 | -2 —6 1
A s 11/
—1 -1 1 -1 -5.5 \ / fix)
0 0 0 0 0 0 \ ‘\ 8 ”
1 1 1 | —45 ‘\4
2 16 8 4 2 | —10 ‘» ,’
-8 | |— | ¢ 8 | X
3 81 27 9 3 | 165 il II
akx) = x* —0.5x® — 6x2 + x VB \\ Ia(x
h )’I 12
Y
24, a(x) = 2h(x) + 3g(x) — 2f(x) — 5
x | hw | g | f0 | aw) AU Mt
-3 | —27 9 | -3 | -2 Ao
—2 | -8 4 | -2 | -5 T
1 —1 1 -1 —2 \\ et/ _
0 0 0 0 -5 \ 81 | / )
1 1 1 —2 4
2 8 4 2 19 ) 0 X
3 27 9 3 70 RERGE 71*“) tt
a(X
al) =2 + 32— 2x — 5 p /fg
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Name Date

Polynomial DNA
Key Characteristics of Polynomial Functions

Vocabulary

Define each term in your own words.

1. absolute maximum
The absolute maximum is the highest point of the entire graph.

2. absolute minimum
The absolute maximum is the lowest point of the entire graph.

3. extrema

Extrema are the set of absolute maximums, absolute minimums, relative maximums, and
relative minimums.

Problem Set

List the number of possible extrema for each polynomial.

1. 3" degree polynomial
A 3" degree polynomial can have 0 or 2 extrema.

2. 4" degree polynomial
A 4 degree polynomial can have 1 or 3 extrema.

3. 8" degree polynomial
An 8" degree polynomial can have 1, 3, 5, or 7 extrema.

4. 15™ degree polynomial
A 15" degree polynomial can have 0, 2, 4, 6, 8, 10, 12, or 14 extrema.

5. 20" degree polynomial
A 20" degree polynomial can have 1, 3,5, 7,9, 11,13, 15, 17, or 19 extrema.

6. 37" degree polynomial
A 37" degree polynomial can have 0, 2, 4, 6, 8,10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34,
or 36 extrema.
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Use the coordinate plane to sketch a graph with the given characteristics. If the graph is not possible to
sketch, explain why.

7. Characteristics:

degree 5
starts in quadrant |
ends in quadrant IV

relative maximum at x = 3

e relative minimumatx = -3

Characteristics:

e even degree

e increases to x = —2, then decreases to
x = 0, then increases to x = 2, then
decreases

e relative minimum aty = 1

e two absolute maximums aty = 4

Characteristics:

degree 3
negative a-value
y-interceptaty = —4

X-interceptsatx = -5, x = -2, x =1,
andx =3

This is not possible because a third degree

polynomial can have at most 3 x-intercepts.

It cannot have 4 x-intercepts.

o]

()

~

n

n

~

()

o]

@

»

~

N

~

//

»

@

//

[e o]

]

~

n

N

~

)

[e o]
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Name Date

10. Characteristics: YT U

@

e asx — oo, f(x) —> oo
as x — —oo, f(x) —» —oo
e y-interceptaty = —2

[«))
I~

=~

~{_

//
o

~_

e three x-intercepts

* two relative extrema t 3

]
~

»

@

—

11. Characteristics: y

[e9)

e even degree

[«))

e positive a-value

~

e six x-intercepts

N

e absolute maximum aty = 1

e relative minimum aty = —4

N

This is not possible because an even degree
function with a positive a-value will go towards
positive infinity at both ends, so it cannot have
an absolute maximum.

~

»

@

12. Characteristics: y

[e9)

e always decreasing

=
[«))

* y-interceptaty = —2.5

=~

e Xx-interceptatx = —3

N

{I\)

~
A
v

»

[e9)
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Circle the function(s) that could model each graph. Describe your reasoning for either eliminating or
choosing each function.

13. AT (fo) = x* — 2x¢ — 3x2)
I chose this function because it represents an

even degree polynomial with a positive
a-value.

fix) = —2x* — 3x® — x

X | eliminated this function because the graph
represents an even degree polynomial. This
function has a negative a-value.

el

T ——

fix) = 2x — 2)(x + 3)x + 1)
| eliminated this function because the graph
represents an even degree function and this
function is an odd degree.

14. \ Y fix) = 4x° + 2x® — 1
\ | eliminated this function because the graph

represents an odd degree polynomial and this
function is an even degree.

/
fx) = (x + 2)(x — 5)x + 3) + 2
X | eliminated this function because the graph

\

\\ represents an odd degree polynomial with a
\

\

\

L
—

‘
SN
”

negative a-value and this function has a
positive a-value.

| () = —0.25(x + 2)x — 5)x + 3) + 2 |

I chose this function because the graph
represents an odd degree polynomial with a
negative a-value.
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Date

| eliminated this function because the graph
represents an even degree polynomial with a

() = 2x° — 13x° + 26x* — 75 — 28x + 20x )

| chose this function because it represents an

| eliminated this function because the graph

5 extrema and this function is degree 5 which

Q‘(x) = 3x5 + 20x* — 10x3 — 240x> — 250x + 200]
| chose this function because it represents an

odd function with a positive a-value. E
fix) = 2x — 3)x + 4)(x — 10)(x + 14) + 20

| eliminated this function because the graph

represents an odd function and this function

| eliminated this function because the graph

Name
15. §% y flx) = —2x% — 13x5 + 20x
positive a-value and this function has a
| negative a-value.
/N |
X
|
’I even function with a positive a-value.
|
] fix) = 2x(x + 7)x — 4)(x + 3)x —2) — 3
V|
represents an even degree polynomial with
cannot have more than 4 extrema.
16. y y
AL/
| \ is an even degree.
| \
| \J
| fix) = —3x7 + 15x5 — 20x2 + 125x — 150
v represents an odd function with a positive

a-value and this function has a negative
a-value.
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17. Ay
|
|
/
X
[
|
|
18. \ 4 A
[\
X

fx) = —x3+2x2 —x + 3

| eliminated this function because the graph
represents an odd function with a positive
a-value and this function has a negative
a-value.

) = Jxx + 3y

| eliminated this function because the graph
represents an odd function and this function is
an even degree.

fix) = (x + 3)°
I chose this function because it represents an
odd function with a positive a-value.

(f) = x* — 4x¢ — 2¢2 + 12x — 3

I chose this function because it represents an
even function greater than degree 2 with a
positive a-value.

fix) = 2(x + 3)(x + 4)

| eliminated this function because the graph
represents a function with 4 roots and this
function only has 2.

fix) = —2x% + x4 — 3x® + 12

I eliminated this function because the graph
represents an even function with a positive
a-value and this function is odd degree with
a negative a-value.
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That Graph Looks a Little Sketchy
Building Cubic and Quartic Functions

Problem Set

Sketch a set of functions whose product builds a cubic function with the given characteristics.
Explain your reasoning.

1. zeros:x = —2,x =2,and x = 3

The graphs can be three linear functions or a
linear function and a quadratic function. The
following functions representing one possible
solution are shown.

fix) =x—3

gx)=x2—4 -8 -6 1—4 -2 0 6 8 | X

o]
\.\_\»

Sm——

»

g(

B

—
/‘/
N
T
~_

no

»

o]

f(x)

2. zeros: x = 1 (multiplicity 2) and x = —4 y

The graphs can be three linear functions, two
of which have an x-intercept at x = 1. It can
also be a linear function with an x-intercept at
X = —4 and a quadratic function with a vertex
at x = 1. The following functions representing
one possible solution are shown.

LT |
[©] @
~_]

X)

Q

N
T~

fix)=x+4

N

~

gx) =x—1) 04)

»

o]
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3. The cubic function is in Quadrants | and Il only y

[ee]

The cubic function will increase from left to [
right, so the sketch may show either all positive
functions or two negative. All x-intercepts are at )
0 because the cubic function needs to pass
through the origin. The following functions
representing one possible solution are shown.

f(x) = (—x)2 b
glx) = 2x

g =1
»
R~

N

N

»

[ee]

4. zero: x = 2 (multiplicity 3) y

@

The graphs can be either 3 linear functions or hx)
a linear function and a quadratic function. The
x-intercepts must all be x = 2. The following
functions representing one possible solution
are shown.

fx) = 2x — 4

>

»

N,

N

gx)=x—2 fx)
hx)=—x+2

»

5. two imaginary zeros and a real zero x = 0 A Y 1A
\ /

[e¢]

The graph must be a linear function with a real
root x = 0 and a quadratic function above the gix)
x-axis because the roots must be imaginary.
The following functions representing one f(x)
possible solution are shown.

D

N

fix) = x 8 -6 -4 |2 0l » 6. 8 | X

gx) =x*+3

N

B

D

[e¢]
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Name

6.

Date

y-intercept of (0, 8)

[e¢]

The graphs can be either 3 linear functions or

a linear function and a quadratic function. The

product of constant terms must be 8. This

~

guarantees that the cubic function will have a

N

y-intercept of (0, 8). The following functions

representing one possible solution are shown.

fix)=x—2

N

~

g) =x—4

x)

[«))

hx)=x+1

[e¢]

Write two different cubic functions (as a product of functions) with the given characteristics.

7.

10.

11.

12.

zeros:x = -3, x=0,x=1

Two possible correct answers: f(x) = x(x + 3)(x — 1) and g(x) = 3x(2x + 6)(4x — 4)

zeros: x =0, x = —3i,x =3/

Two possible correct answers: f(x) = 4x(x? + 9) and g(x) = x(3x2 + 27)

zeros: x = 4 (multiplicity 2) and x = —2

Two possible correct answers: f(x) = (x — 4)%(x + 2) and g(x) = 7(6x — 24)%(5x + 10)

for an input value of 2, an output of 24

Two possible correct answers: f(x) = (x)(x)(x + 4) and g(x) = (x)(2x) (%x)

zeros: x = —5,x = —1, x = 2 and a y-intercept of (0, —20)

Two possible correct answers: f(x) = 2(x + 5)(x + 1)(x — 2) and g(x) = (—2x — 10)(x + 1)(—x + 2)

zero: x = 2 (multiplicity 3)

Two possible correct answers: f(x) = (x — 2)(x — 2)(x — 2) and g(x) = (2x — 4)(—x + 2)(3x — 6)
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Sketch the graph of the cubic function that is the product of the functions shown. Then, determine the
product of the functions algebraically. Verify your sketch by graphing the product on a graphing calculator.

13. x —2)x* — 1) Y
x—2)x*—1)=x—x—2x*+2 8
=X —2C—x+2 At et
\l 4 /
M ] X e
|
\7 N/l
-8 -6 |—4 — ¢ 8 | X
X x"—x+£[2
4
16
ls
|
Y
14. (x + 2)(x — 1)(x — 3) y Al X +H2
X+2x—1Nx—3) =2 —x+2x — 2)(x — J) x=
= +x—2)x— 3 /6
=x3—3x*+x2—3x—2x+6 X2+ 2x3-5 +5,’4\\ X3
=x—2x>—5x+6 2 \
-8 -6 |— 6 3| X
"\
J
ﬁ y ¥
15. 2x(9 — x?) \ y
2x(9 — x?) = 18x — 2x° 207/
45 \ //9
= —2x% + 18x i | pd
+2x% |+ 18x m/‘ll\ ‘\/
° /
\
-8 -6 |— 0 2 \ ¢ 3 | X
Ay P \
/ \
VI 4d
e \9 - x
// \ El
4Rl aEn \
/ l \
/ \
|4 YOIX
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16. (4 — x)(—x + 2)(3x — 6) y y
(4 — X)(—x + 2)(3x — 6) ¥ 8 /
=X/ 2 R
= (—4x + 8 + x> — 2x)(3x — 6) ©
= (x2 — 6x + 8)(3x — 6) M /
= 3x® — 6x? — 18x2 + 36X + 24x — 48 2
= 3x3 — 24x2 + 60x — 48 —8 |- -4 |5 | |0 2\ 6. 8 | X
§ ]
“1/
d
% rs»<3 — 24x? + BOx + 48
17. (x + 3)(1 — 4x)(x — 3) \ Y
(x + 3)(1 — 4x)(x — 3) . 0
_ ) N ol If
=x—4x>+ 3 — 12X)(x — J) A v VT X2 86k 1 9
1|—l4x n
= (—4x* — 11x + 3)x — 3) N 20T \\
‘\ 10 I xX+3 |
=—4x*+12x* —11x* + 33 + 3x — 9 N ]
= —4x®+ x2+ 36x — 9 g _;3: N 6 8 | X
”’ 10 ‘\
A’X | LAYS .
N\
£
W
V| \
18. (—4 + x)(4x?) A y Al
(=4 + X)(dx) = —16x% + 4x° \ 140 /
4x2 N
= 4x° — 16x? \ /
\ 50 /
1 X3 —1T6X>
-8 -6 — ~ | 6 8 | X
-— A\
I‘O \ ’
\[
\_{]
H \
Yl
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Sketch a set of functions whose product builds a quartic function with the given characteristics.
Explain your reasoning.

19. four distinct roots and y-intercept of (0, 6) y /g
The graphs can be any functions as long as 8
the product of the constant terms is 6. The 5
following functions representing one possible . tx)
solution are shown. M AL
fix) =x+1 G0 /
gx) =x+2 -8 -6 — 2 6 8 X
h(x) =2x — 3 -
j0) =x—1
VAN
20. two imaginary roots and zeros x = 2 and x = —3 % [ ™M TA
The imaginary roots come from a quadratic \ % /fx)
function above or below the x-axis without an 3
x-intercept. The other zeros will come from V[ 1/
two linear functions. The following functions N
representing one possible solution are shown. “
fix) =x2+4 “
gx)=x+3 _g8 6 -5 | 0] 5 6 8 | X
h(x) = —x + 2 N

Q

=
[JNES

>

21. located in Quadrants | and Il only y

~

In order for the quartic function to be in
quadrants | and Il only, the product of the
outputs must be positive. The following

N

functions representing one possible solution 8 -6 -4 -2 0 » 6 | 8 | X
are shown. < x)
fix) = —x2—1
el |\

gx) = —x2—3 1/ ® \

eI TN

/] \\

ol T\

ry
N
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The graphs can be four linear functions or a
quadratic function with a vertex at x = 2 and a
quadratic function with roots of 1 and —1. The
following functions representing one possible
solution are shown.

fix) =x2—1
g0 = (x — 2 \

no
\55*

22. zeros: x = —1, x = 2 (multiplicity 2), and x = 1 %
\
\
\

o
§\§§

L]
ENg-=—

T~
~—~—l
T
Q ——

()

h*)
o
™~~~

no

~

23. zeros: x = —3 and x = 1 (multiplicity 3) v 1)

@

The graphs can be various combinations of
linear, quadratic and cubic functions as long
as three roots equal 1 and one root equals —3.
The following functions representing one
possible solution are shown.

>

=~

o T T—

fx) =x+ 3 -8 6 - -2 > 68 X
glx) = (x + 3)°

O

(x)

24, four imaginary roots y

To get four imaginary roots, no function can by
have an x-intercept. The following functions
representing one possible solution are shown.

fix) =x2+ 2

gx)=x2+9 \

Lt
@
I
I

@

S

N

~
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Closing Time
The Closure Property

Vocabulary

1. Describe in your own words what it means for a set of numbers or expressions to be closed under

an operation.

When an operation is performed on any number or expression in a set and the result is in the

same set, it is said to be closed under that operation.

Problem Set

Determine whether each graph represents a polynomial function. Explain your reasoning.

1. Y

The graph represents a polynomial function because it is continuous and increases to infinity as x
approaches infinity and decreases to infinity as x approaches negative infinity. This is the graph

of a linear function.
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—
|t

The graph does not represent a polynomial function because it is not continuous.

The graph does not represent a polynomial function because of the end behavior: x stops at x = 2
and does not continue towards negative infinity.
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Name Date

[
/
/
|

The graph represents a polynomial function because it is smooth, continuous, and increases to
infinity as x approaches infinity and decreases to infinity as x approaches negative infinity. This is
likely a cubic function.

T
~—

A
/

The graph does not represent a polynomial function because it is not continuous.
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This graph represents a polynomial function because it is smooth, continuous, and decreases to
negative infinity as x approaches infinity and decreases to negative infinity as x approaches
negative infinity. This is likely a quartic function.

Determine whether each set is closed under the indicated operation. Then, write an example to support
your answer.

7. Is the set {even integers} closed under subtraction?
Yes, the set of even integers is closed under subtraction.

Example: 6 — 10 = —4
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8. Is the set {odd whole numbers} closed under addition?
No, the set of odd whole numbers is not closed under addition.

Example:3+5=8

9. Istheset {1, 2, 3, 4, 5, 6} closed under multiplication?
No, this set of natural numbers is not closed under multiplication.

Example: 4 - 6 = 24

10. Is the set {rational numbers} closed under multiplication?

Yes, the set of rational numbers is closed under multiplication.

Example: £+ - = = = <

11. Is the set {irrational numbers} closed under division?
No, the set of irrational numbers is not closed under division.
V5 1

Example: —= =

V5

12. Is the set {23, 3V3, 5V3} closed under addition?
No, this set of irrational numbers is not closed under addition.

Example: 3V3 + 5V3 = 8V3
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Add, subtract, multiply, or divide each set of polynomials to show whether they are closed under the
indicated operation. Use a graphing calculator to sketch the graph of the resulting polynomial to verify
your answet.

13. Are the polynomials y, = 3x* — 5x — 3 and N4 A
¥, = —x* + 3 closed under addition? \\4 11

3x2 —5x — 3 3

+ —x2 +3 5

2x% — bx 1

ury

[——

1
~
Tt

Polynomials are closed under addition
because the sum is a polynomial.

TN

\ /
14. Are the polynomials y, = x® + 3x* — 4x + 12 v |
andy, = —3x® + 2x2 — 4x + 22 closed under 1o ’l

subtraction?

[e ]

X2+ 3x2—4x +12
—(—3x% + 2x* — 4x + 22)

|
/
4x3 + X2 -10 4 -3 2 | 0 II 2 | 3 X
Polynomials are closed under subtraction /A

because the difference is a polynomial.

~

~

[e ]

‘
N
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15. Are the polynomials y, = x* + 3x + 2 and A y
¥, = x* — 3x closed under multiplication? 10
(x2 + 3x + 2)(x2 — 3x) \\ 5
= x* — 3x3 + 3x3 — 9x% + 2x2 — 6x
— —3 |9~ 1 2 X
= x* — 7x%2 — 6x -5 |
Polynomials are closed under multiplication =10 \ ”
because the product is a polynomial. 45 \ II
=20
~ N\
&9
~30
16. Are the polynomials y, = 3x + 6andy, = x — 1 YA
closed under division? 0
3x + 6 = 3R9 0
x—1

Polynomials are not closed under division
because the quotient is not a polynomial. '

-+ N
(] (]
P |
/r

1
(@)

1
[«)

1
(@)

|
(@)
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17. Are the polynomials y, = —x, y, = —2x, and

y, = —1.5x closed under multiplication?
(=x)(—2x)(—1.5x) = —3x°

Polynomials are closed under multiplication
because the product is a polynomial.

18. Are the polynomials y, = 2x* — 5x* + 3x* — x + 6

andy, = 3x* — 6x* + 2x* + x + 4 closed under
subtraction?

2x* —5x*+3x2—x + 6
—Bx*—6x*+2x*+x+4

X'+ x+x*—2x+2
Polynomials are closed under subtraction
because the difference is a polynomial.

o]

»

~

n

|
N

|
ES

|
D

|
[e]

[e]

>

~

|

U
——
——
)
—
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